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We investigate the ground state properties of a
two-dimensional eletron gas in the lowest Lan-
dau level using the Density Matrix Renormalization
Group. The eletron gas is onned to a ylinder
with a strong magneti eld perpendiular to the
surfae. For a thin ylinder, the ground state is for
generi lling fators a harge density wave state,
however, at ν = 1/2 a homogeneous and apparently
gapless ground state is found and partile and hole
exitations are studied.
Of the many dierent methods used for study-
ing strongly orrelated systems the Density Ma-
trix Renormalization Group (DMRG) invented by
White [1, 2℄ in 1992 is one of the most suess-
ful. The method, whih is an extension of Wilson's
Renormalization Group (RG) [3℄, provides a reli-
able method for analyzing one-dimensional quan-
tum systems that are far out of reah with exat
diagonalization methods. For higher dimensional
systems the DMRG is muh less useful.
The two-dimensional eletron gas in a perpen-
diular magneti eld beomes eetively one-
dimensional when the eld is strong enough for the
motion to be restrited to the lowest Landau level
(LLL). In this limit the DMRG may beome an
eient tool. The nite size DMRG has reently
been applied to this system for an eletron gas on-
ned to a torus [4℄. The results are in exellent
agreement with exat diagonalization studies, ex-
tending the latter from around 15 to 25 partiles.
In this artile, we apply the innite size version
of the DMRG to the lowest Landau level problem
when the eletron gas is onned to a ylinder. This
makes it possible to study the limit where the num-
ber of partiles N tends to innity. On the other
hand, the range of the interation limits us to study
thin ylinders.
For generi quantum Hall (QH) lling frations
suh as ν = 1/3 we nd harge density wave ground
states where, for ν = 1/3, approximately every
third site is oupied by an eletron. This result
is in agreement with previous results on smaller
systems [5℄ where the 1/3 state is shown to be a
harge density wave on a thin ylinder. However,
for the half-lled Landau level we nd a non-trivial
resulta homogeneous ground state with exita-
tions that appear to be gapless. (For even smaller
L, this state also gives way to a rystalline state.)
We onsider a harged partile moving in two
dimensions in a perpendiular magneti eld B.
By solving the Shrödinger equation in Landau
gauge,
~A = Bxyˆ, we map the two-dimensional sys-
tem onto a one-dimensional system. The eigen-
funtions in the lowest Landau level are ψk(~r) =
1√
π1/2L
eikye−
1
2ℓ2
(x+kℓ2)2
, where L is the irumfer-
ene of the ylinder, ℓ =
√
h¯c
eB
is the magneti
length and k is the momentum in the y-diretion.
Imposing periodi boundary onditions in the y-
diretion gives k = 2πm
L
,m ∈ Z and the den-
sity of states in the LLL is ns = 1/2πℓ
2
. The
eigenfuntion with y-momentum k is entered at
x = Xk = −kℓ
2
. This provides a mapping of the
LLL onto a one-dimensional problem whih an be
thought of as a spin hain where eah site k has two
stateseither the site is oupied by an eletron or
it is empty.
Following Trugman and Kivelson [6℄, we intro-
1
due a repulsive short range potential between the
partiles whih an be expanded as
V (~r) =
∑
j
cjb
2j∇2jδ2(~r), (1)
where b is the range of the interation. Taking the
limit of short range, b → 0, the expression (1) re-
dues to V (~r) = c1b
2∇2δ2(~r) sine 〈 δ2(~r) 〉 = 0 for
any antisymmetri state. The form of this intera-
tion an be motivated by the fat that the physis
of quantum Hall systems does not hange qualita-
tively if the interation is made more loal than the
more realisti Coulomb interation.
From the interation and the single partile
states in the LLL we nd a seond quantized form
of the Hamiltonian. The Hamiltonian is then ana-
lyzed and the low energy states are approximated
by use of the DMRG method. The Hamiltonian is
H = J
∑
n
∑
k>l
(k2−l2)e−
1
2
(k2+l2)c†l+nc
†
k+ncl+k+ncn,
(2)
where n, k and l denote all possible momentum
states and we use units where ℓ = 1 and set J = 1.
The DMRG algorithm beomes ineient when the
interation extends over too many sites. The most
loal interation in position spae leads to the mo-
mentum spae interation in (2). We introdue a
ut-o d in the range of the interationd is the
number of sites the interation extends over. Sine
the distane between the sites is 2πℓ2/L it follows
that we are restrited to small irumferenes L in
order for the ut-o not to modify the shape of the
interation. Thus we are studying the QH system
on a thin ylinder. Note, however, that alterna-
tively we may view this as a large two-dimensional
system with an interation that extends only a dis-
tane ∼ 2πdℓ2/L in the x-diretion. Albeit being
an unphysial interation this is a mathematially
well-dened limit where the system an be stud-
ied. We perform alulations for d ≤ 6. From the
form of the interation in (2) it follows that this
restrits L to at most about 10 magneti lengths.
The results presented below are for L = 2πℓthis
orresponds to the distane between the sites being
ℓ.
As it stands, the Hamiltonian has a trivial
ground state sine the interation is repulsive  the
energy is minimal (and equal to zero) when there
are no partiles present. However, in a real physi-
al system the density of eletrons, ne, is nitethe
negative harge of the eletron gas is ompensated
for by a positive bakground harge that makes the
whole system neutral. Thus we want to analyze
the ase when the lling fration ν ≡ ne
ns
= 2πℓ2ne
is xed and nonzero. In order to target a state
with a spei lling fration, ν, we add a term to
the Hamiltonian that favours the hosen density:
H ′ = H+∆H = H+ γN2( 1
N
∑N
i=1 c
†
i ci− ν)
2
. (All
energies presented below are of ourse for γ = 0.)
The Hamiltonian ommutes with
∑N
i c
†
i ci, hene
the total number of partiles is a onserved quan-
tum number. As a onsequene, for given N
only the lling frations ν = 0, 1/N, 2/N, . . . , (N −
1)/N, 1 an be obtained. This makes it in gen-
eral neessary to keep states with dierent number
of partiles when studying a ertain state in the
N →∞ limit.
For generi lling frations we nd harge den-
sity wave ground states in agreement with earlier
work [5, 7℄. As an example, we show in Fig. 1 re-
sults for ν = 1/3. The ground state is, to a good
approximation, obtained by putting an eletron on
every third site. Thus the range of the interation
is so short that this simple rystal has lower energy
than, e.g., a homogeneous state [8℄.
However, for the half-lled Landau level we nd a
very dierent and muh more interesting resulta
homogenous ground state [9℄. In Fig. 2 we present
some of our results for the ν = 1/2 state. The ob-
tained ground state has an almost perfetly uniform
density throughout the system
1
. The mean density
is 1/2 up to the preision of at least 16 digitsthis
preision is a onsequene of Ne being a onserved
quantum number. Furthermore, the standard de-
viation of the single site density 〈 c†i ci 〉 is as small
as 10−12 for large systems. We also note that the
energy of the homogeneous state is very low om-
pared to the rystalline states obtained when d ≤ 2.
Thus the obtained state has used the o-diagonal
elements of the Hamiltonian to redue the energy
in a very eient way. The results quoted are inde-
pendent of the number of states, m, that are kept
in eah iteration.
The density 〈 c†ici 〉 given above, is really the lin-
1
This is true exept near the boundaries of the system.
The repulsive interation, in ombination with free boundary
onditions, favours rystalline states for small systems and
also near the edges of large systems.
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Figure 1: The average energy per site (above) and the
density distribution 〈 c†
i
ci 〉 for 34 sites around the en-
ter of a large system (below) for the ν = 1/3 ground
state.
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Figure 2: The ν = 1/2 ground state energy per site
(above) and the density distribution 〈 c†
i
ci 〉 around the
enter of a large system (below). The density distri-
bution inside the system is totally uniform. Further-
more, the energy onverges smoothly. That the energy
inreases is due to the fat that the edge eets beome
less important when the system size inreases.
ear density along the ylinder, i.e. the full density
integrated around the ylinder. The density oper-
ator is
ρ(~r) =
∑
m,n
ψ∗m(~r)ψn(~r)c
†
mcn
∝
∑
m,n
ei(n−m)ye−
1
2
((x+n)2+(x+m)2)c†mcn. (3)
However, we nd that 〈 c†mcn 〉 ∝ δm,n to a very
high preision
2
. Hene the density is onstant on
the ylinder
3
.
For d ≤ 2, the ν = 1/2 ground state is rystalline.
At d = 1 every other site is oupied and at d = 2
two oupied sites alternate with two emptythese
are exat ground states. At ν = 1/4 the ground
state is a rystal for d ≤ 6.
We have made a preliminary investigation of
harged exitations at ν = 1/2 by targeting states
with density ν = 1/2±1/N for N sites4. We nd a
partile exitation with harge −|e| relative to the
ground state and energy Ep = 2.0 and a hole with
harge |e| and energy Eh = −1.8 (J = 1, d = 4
and we keep m = 4 states in total). This gives
an energy gap ∆ = Ep + Eh = 0.2 to reating a
separated partile-hole pair. We take the smallness
of ∆ ompared to Ep, Eh to indiate that ∆ ap-
proahes zero in the thermodynami limit and that
the system is gapless. To test this we should on-
sider the limit N → ∞ and m → ∞. For the par-
tile this is straightforward, however, for the hole
the alulations are unstable when m is inreased.
Inreasing N only moderately (to avoid the insta-
bility) we nd that ∆ dereases with inreasing m,
supporting the onlusion that ∆→ 0. We believe
the instability is due to a degeneray in the energy
of the hole state. We nd that the hole forms at the
enter of the systemthere should then be degen-
erate states where the hole is translated to other
positions. That no instability is seen for the parti-
le indiates that it forms at the edge of the system.
Fig. 3 shows the density prole of the hole. The
harge integrated over the area, with length 34ℓ,
shown in the gure is 0.98|e| relative to the ground
state in Fig. 2.
A further indiation of the existene of gapless
exitations is shown in Fig. 4. It shows the in-
rease in total energy of the ν = 1/2 ground state
per iteration up to large systems
5
. In these alula-
tions, states at density ν = 1/2 and ν = 1/2+1/N
2
The deviation from this result is roughly of the same
order as the deviation of the single site density 〈 c†
i
ci 〉, i.e.
10−12.
3
The nite distane 2πℓ2/L = ℓ between two sites leads
to a variation in the spatial density of roughly 0.01%.
4
When doing this we target also the ν = 1/2 state.
5
The gure shows only data from every seond iteration
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Figure 3: The density prole of a harge one hole in
the ν = 1/2 state. The plot shows the expetation values
of the single site density operators 〈 c†
i
ci 〉 for a range of
sites near the enter of the superblok. The line is a
guide to the eye.
are kept. Initially, a smooth onvergene to the ho-
mogeneous ν = 1/2 ground state is observedthis
is reeted in the gure in that the same amount
of energy is added at eah step. In eah iteration
two sites and one eletron are added at the enter
of the superblok, thus keeping the average density
xed at ν = 1/2. Then suddenly at iteration 470
a slightly smaller energy is added. A new ground
state is formed as a superposition of the homoge-
neous ν = 1/2 ground state in the previous itera-
tion (adding two sites and one eletron to this) and
the state ontaining one partile exitation (adding
two sites and no partile to this). The energy of
this state is atually lower than the energy of the
homogeneous state sine the added energy in the
last iteration dereased
6
. We take this as indiat-
ing that the partile-hole exitation is gapless.
In addition to the above studies of exitations,
where we always target only the lowest energy
state, we have also targeted the two or three low-
est states. We then nd that these states beome
degenerate as N and m → ∞ thus lending further
support to the gaplessness of the ground state.
sine there is a parity-eet that distinguishes even and
odd iterations.
6
Eventually, after further iterations, the state onverges
to a state with a well separated partile-hole pair. That this
is piked out rather than the homogeneous state (or a linear
ombination) is a onsequene of our algorithm.
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Figure 4: Energy added to ground state in eah itera-
tion for half-lled LLL keeping states with ν = 1/2 and
ν = 1/2 + 1/N . Initially, the ground state is homo-
geneous, then eventually a transition to a state with a
well separated partile-hole pair is observed.
To onlude, for a thin ylinder we nd a ho-
mogeneous, presumably gapless, ground state for
the half-lled lowest Landau levelat all other ll-
ing frations that we have investigated, inluding
ν = 1/4, we nd harge density wave states. It is
of ourse tempting to identify the obtained ground
state as the Rezayi-Read state [10℄, that is known
from omparison to exat diagonalization studies to
desribe the ν = 1/2 state on the sphere very well.
It remains to ompare our state to the Rezayi-Read
state. It is omputationally nontrivial to ompare
large systems whereas small systems suer from
large edge eets, presumably making a ompar-
ison meaningless. A natural solution to this would
be to employ the nite size DMRG method, possi-
bly on the torus. An interesting questions is why
there is a homogeneous state on thin ylinders only,
as it seems, at ν = 1/2. If this state is indeed the
Rezayi-Read state, does our results shed any fur-
ther light on the ν = 1/2 quantum Hall state? A
study of our ν = 1/2 ground state indiates that it
an be understood in terms of free fermions [11℄.
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